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Introduction 

A central problem in analytic number theory is to gain an understanding of character sums 

where x is a non- principal Dirichlet character x (mod q). It is easy to show that such 
characters sums are always < q in absolute value, while G. Polya and I.M. Vinogradov [3] 
improved this to < ^/qlogq around 1919, and H.L. Montgomery and R.C. Vaughan [13] to 
<C y/g log log g assuming the Generalized Riemann Hypothesis (GRH), in 1977. Up to the 
constant this is "best possible" since R.EA.C. Paley [14] had shown, in 1932, that there 
exist characters sums (with real, quadratic characters), that are ^> ^fq log log q. 

In many applications one is interested in when the above character sum is o{x) with x 
substantially smaller than g2+°( 1 ) ; that is 



(1) 



o(x) 



In 1957, Burgess [2] used ingenious combinatorial methods together with the "Riemann Hy- 
pothesis for hyperelliptic curves" to establish (1) whenever x > qi+°( 1 \ for any quadratic 
character mod q, with q prime (and subsequently generalized this to any non-principal 
character x (mod q) when q is cubefree; with the smaller range x > gs+°( 1 ) otherwise). 
Recently Friedlander and Iwaniec [4] have supplied a different proof of Burgess's result, 
and Hildebrand [9] observed that one can "extrapolate" Burgess's bound to the range 
x > q , 4~°( 1 ). However, Burgess's range has not been substantially improved over the last 
forty years although it is widely believed that such an estimate should hold for x ^> e q e . 

In this paper we investigate the distribution of the size of character sums, and in par- 
ticular in what range the estimate (1) should hold. For example on this question we prove: 
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Corollary A. Assuming the Generalized Riemann Hypothesis, the estimate (1) holds 
if log xj log log q — > oo as q — > oo. TTizs is "6est possible" in the sense that, for any 
given A > 0, for every prime q there exists a non-principal character x (mod q) such 
I E n <x X( n ) \ >a x where x = log A q. 

The proof of the first part of this result is inspired by Montgomery and Vaughan's paper 
mentioned above. In fact, modifying and refining their argument we will get upper bounds 
on character sums in all ranges, assuming GRH, which we believe are close to the truth - 
we will discuss a more refined conjecture below. 

To believe one's upper bounds are close to the truth, one wants to show that there 
are character sums of comparable magnitude. Previous arguments to show that such 
sums exist, as in Paley's work described above, have relied in part on using the law of 
quadratic reciprocity and Dirichlet's theorem for primes in arithmetic progression to find 
discriminants for which many of the small primes are quadratic residues. Such an argument 
seems unlikely to generalize to characters of high order, and might make one suspicious that 
perhaps one can only obtain particularly large character sums (for instance, ^> yfq log log q) 
when the character is real and quadratic. However this is not so, as we shall show below 
with a very different proof, involving high moments of character sums. 

In the large character sums that we exhibited to prove Corollary A, we showed that 
they are large by establishing, for those characters, that the character sum over "smooth 
integers" is particularly large. Here "smooth" refers to integers with only small prime 
factors, and we define 

*(x,y;f):= ^ f(n), 

n<x 
p\n =4> p<y 

for any arithmetic function /. Our work on upper and lower bounds motivates our belief 
that character sums can only be large because of extraordinary behaviour of the values of 
x(p) for small primes p. We formalize this as the following conjecture: 

Conjecture 1. There exists a constant A > such that for any non-principal character 
X (mod q), and for any 1 < x < q we have, uniformly, 

xip) = ®(x, y; x) + o(^(x, y; xo)), 

where y = (log q + log 2 x) (log log q) A . 

The function ty(x,y) := ^>(x,y; 1), the well-known counting function for smooth num- 
bers, has been extensively investigated. For any fixed u > 0, we know that lim^oo ^(x, 
exists, and equals p(u), where p(u) = 1 for < u < 1 and is the real continous function 
satisfying the differential-delay equation p'(u) = —p(u — l)/u for all u > 1. We note that 
p(u) = l/u u+ °^ as u — > oo. In §3b we will discuss several further estimates for ^{x,y), 
though see [10] for a survey. 

Note that Conjecture 1 implies the results of Corollary A, and, in fact, further that if 



A(x, q) := max 

x#xo 
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then A(x,q) ~ ty(x,\ogq) whenever logx = o((loglog(//logloglog(/) 2 ), for any prime q. 

Assuming the GRH it is known that there exists n < log 2+o( ^ 1 ' ) q with (n, q) = 1 for 
which x(n) 7^ 1; assuming Conjecture 1 this would be improved to n < log 1+ °^ q (see [5] 
for the latest unconditional work on this problem). 

In the wider range x < exp(y / Iogg), Conjecture 1 implies that 



(2) 



n<x 



<vl>(x,(log ? ) 1 + «) = -^ 7 -, where u= logr 



u u +°( u y log log q ' 



for any non- principal character x (mod q). 

We shall establish lower bounds on character sums by various different methods in this 
paper (and in [6] and [7]). These will imply that, in most ranges of x, the value of y needs 
to be at least roughly as large as the value for y given in Conjecture 1. 

We shall establish that Conjecture 1 holds with y = log 2 q log 2 x (log log q) ^\ assuming 
GRH, by extending the method of [13]. This implies the upper bound <C x/u u ^ 4+ °^ in 
(2), as well as the first part of Corollary A. 

We shall also establish that Conjecture 1 holds for "almost all" characters x (mod q) 
when x < exp((loglogq , )°^ 1 ^ ) ). More generally we shall show that Conjecture 1 with 
y = log(/loga:(loglog(/) 0(1 ) holds for almost all non-principal characters x (mod q). 

Rather than the size distribution, one might be interested in the "angle distribution" 
of large character sums (mod q). For example, if a character sum is "large", in what 
directions can it point? Below we show, unconditionally, that for any fixed A > 0, for 
any given angle 9, there are non- principal characters x modulo any prime q for which the 
character sum up to log A q equals {e lB +o(l)}p(A) log A q. In [7] we show the complementary 
result that there are non-principal characters x modulo any prime q for which the character 
sum up to q/2 equals {e %d + o(l)}(e 7 /7r) v /gloglogg. 

We shall also consider analogues of our results for real characters, when appropriate; 
that is, 



A R (x, q) = max 

q<\D\<2q 



^2 ( n 



where D runs over fundamental discriminants. We establish similar and, in some cases, 
stronger versions of the results for A(x, q). 

In the next section we give a more technical description of our results. In particular our 
results mostly apply to characters modulo any integer g, not just primes, and with various 
complicated error terms. 



1. Statement of results 



We begin with a unconditional, weak version of Conjecture 1 which works for "almost 
all" characters x (mod q). 
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Theorem 1. Let 1 < x < q be given. For all but at most q x ~ T °s^ characters x (mod q) 
we have 

^ X (n) = ^ )M ) + 0( n ^) ! whenever y > logglog;r(loglog<?) 5 . 

n<x ^ S Q) / 

I l 

For all but at most q Osi°g<j) 2 characters x (mod q) we have 



n<ai 



< fy(x, (logg + log 2 x) (log log g) 5 ). 



Remark. Let w(<z) denote the number of prime factors of q. Tenenbaum [16] showed 
that ty(x,y,xo) x (<p(q) / q)^ ( x i y) whenever logy (log 2cu((/)) (log logo;). Since 1 > 
<fi(q)/q 1 / log log q we see that the error term in Theorem 1 can be rewritten as 
0(\l/(x, y, xo)/ log log in this range. 

Assuming the GRH we can establish results similar to (but weaker than) Theorem 1, 
but valid for all non-principal characters. The prototype for our result appears as Lemma 
2 in [13]. There, Montgomery and Vaughan show that if x (mod q) is non-principal and 
the GRH holds then 

= ^( X ^V) +0(xy~^ log 4 g), 

n<x 

when log 4 q < y < x < q. Their objective was not to establish this in as wide a range as 
possible; however, ours is, so we modify and refine their method to obtain the following 
result. 

Theorem 2. Assume that the Generalized Riemann Hypothesis holds true, and let x be 
any non-principal character (mod q). If 1 < x < q and y > log 2 q log 2 x (log log q) 12 then 



^ V(iogiogg) 2 ; 



Further 



n<x 



< ^(x,log 2 g(loglogg) 20 ), 



and so the estimate (1) holds when log xj log log q — > oo as q — > oo. 

Remarks. To compare this with Montgomery and Vaughan's result, the error term in 
the first part of Theorem 2 could have been written as the rather more complicated 
0(^>(x, y) logq , logx(loglogq , ) 4 / v /y). Similarly, the error term in the first part of Theo- 
rem 1 can be considerably sharpened. 

As in Theorem 1 the error term can be rewritten as 0(^(x, y, xo)/ loglogg) when 
logy > (log2u;(g))(loglogx). 

We now proceed to the problem of finding large character sums, beginning with the 
range x < exp((loglog(/) 2_e ). Here we get large character sums, pointing in any given 
direction. 
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Theorem 3. Let q be large, and suppose logx < (ip^^l^p • For all \6\ < n there are at 
least q x ~ characters x (mod q) for which 

£ xM = «" »(*. 'og«; x») + of »(», log,) ( J- + loga ;' log | logl °f ): 

\ \logx (log log g)^ 



7/" q has no prime factors below log q then we may write the above as 

logx 



xe 10 p 



n<x 



log log q 



1 + 



! logx(logloglog(/) 2 



log x 



(log log?) 2 



This implies the second part of Corollary A. 

Theorem 3 is not useful when q has many prime factors below log?. We next deduce, 
by a very different method, lower bounds of more or less the same strength for these cases. 

Theorem 4. Suppose x = (10 log q) B = q°^ for some B > 1. Then 



max 

x^xo 



I-!. IS. 

X 2 ' 2B 



(41ogx)t B ] 



If in addition, q has less than (logq) B ^ B+1 ^ e distinct prime factors then 



max 

x#xo 



n<x 



> 



X 



(41ogx)[ B ] +1 ' 



Applying Theorem 4 appropriately, we can deduce the following corollaries. 
Corollary 1. If logx > (log log q) 2 then 

log log x " 



max 

x#xo 



n<x 



3> x exp —(1 + o(l)) logx 



log logq 



If, in addition, q has less than (logg) 1 e distinct prime factors then this bound holds in 
the extended range log xj log log q — > 00. 

Remark. There are <C q/ exp((log (/) 1_<E ) integers q < x failing the restriction u q has less 
than (log?) 1-6 distinct prime factors". 

Corollary 2. Fix a in the range ^ < a < 1. 7/(logg)T=? < x < exp((logQ) 1 - <T+ °( 1 )) tfien 



max 

x#xo 



> x c 



7f, m addition, u>(q) < (log (7)2 e t/ien t/iis bound holds whenever x > (logq) 1+e . In any 
case we have 



max max — 

»>i x/xo x' 7 



n<x 



> exp 



(log g) 



l-CT 



14 log log q 



So far we have dealt with the range x < exp((logg) 2 e ). We now proceed to the range 
when x is larger, dealing first with the range log logx = (2 + log log g. 
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Theorem 5. Suppose that logx = rVlogglog logq with r = (loglogq , )°( 1 ' ) , and let w = 
t + 1/t. There exists a constant c > such that for any sufficiently large q, there exists a 
non-principal character x (mod q) for which 



1 



!,<.'J 



> exp c 



1 + log^r) / log q 



7] 



log log q 



As a consequence we get Corollary 3 below, which improves Corollary 2 in the case 
Corollary 3. There exists a constant c > such that for all integers q 



max max — = 

X^XO X>1 yJX 



n<x 



> exp 




log q 

log log q 



Next we consider the range when log x / \/log q log log q is large, but x is smaller than q £ . 

Theorem 6. Suppose both log (//logs and log x / \/log q log log q — > oo. There exists a 
non-principal character x (mod q) for which 



1 



n<x 



n: 



log X 



Vlog ? log log q 



(i+°(i))i§£S 



When x is as large as a power of g we obtain: 

Theorem 7. Let k > 2 be an integer and suppose exp( lo 1 ° 1 ^ g ) < x < q^ . Then there 
exists a non-principal character x (mod q) for which 

1 



E 

n<x 



» fc (logg)T+°(D. 



Once x > q^ Theorem 7 reduces to the bound A(x,q) > y/x(logq)°^ which follows 
immediately from the mean square of ^2 n<x x( n )- However it is possible to obtain non- 
trivial information here by appealing to (essentially) the Poisson summation formula. We 
quote Polya's Fourier expansion (see Lemma 1 of [13]) 



(3) 



£x(») = ^T £ ^(l-e(-^)) + 0(l + ^- 1 log,), 



n<x 



h=-H 



where x is primitive, and r(x) is the usual Gauss sum. Since |r(x)| = y/q, (3) suggests a 
relation of the type A(x, (/)'='-^=A(|, q); now § < so that applying the ideas behind 

our earlier Theorems should lead to a good lower bound for A(x,q). While we cannot 
show such a result for every x, using (3) we can obtain good bounds for A(t, q) for some 
t < x. Naturally one would expect A(t,q) to be an increasing function of t (at least most 
of the time) but we don't know how to prove this. For convenience, we state this result 
only for primes q, so that every non-principal character is primitive. 
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Theorem 8. Let q be a large prime. Given exp(c v / logq i ) > N > 2 (for a small positive 
constant c) we have 



max max 

t<q/N X#Xo (mod q) 



n<t 



>> ^ N*( N ' (logtogV 



When logiV = rVlogglog logq with r = (log log q)°^ we have (for a small positive 
constant c and r\ = r + 1/r) 



max max 

t<q/N x^Xo (mod q) 



log q 

log log q 



If both logg/logiV and log AT/ ^log (/ log log q — > oo t/ien 



max max 

t<q/N x#X0 (mod 9) 



> y/q/N 



Vlog g log log q 



logiV X^+^S 



Lastly i/exp( lo 1 g 1 ^ g ) < N < qi e for an integer k > 2 £/ien 



max max 

t<q/N x^Xo (mod g) 



^k^fq/N (l0gg)T+°(D 



Several different authors (for example [1]) gave the same explicit version of Paley's 
result: There are infinitely many non-square, positive integers q, and integers x = x q for 
which 



(4) 



Kn<a 



> — ygloglogg, 

7T 



where 7 ~ 0.5772156649 ... is the Euler-Mascheroni constant. We can prove that there are 
many characters \ (mod q) for which Yln<q/2 x( n ) is °f such large magnitude, and points 
in any given direction, for any given prime q. Further, whenever q{\ogq)~ A < x < q we 
can show that A(x,q) ^> pAy/q^oglogq, where pa = 1/A A+ °( A > as A — > 00. The proofs 
of these results will appear in [7], because they are more closely related to the methods of 
that paper. Note, though, in Theorem 11 below we obtain some results of this type for 
real characters. 

We now turn our attention to getting bounds for A^(x,q): that is, exhibiting large 
character sums for real characters. We begin by showing that the lower bound implicit in 
Conjecture 1 holds in a very wide range for real characters. 
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Theorem 9. Suppose q is large, and that 1 < x < exp( v / logq i ). Then 



max 

q<\D\<2q 



E 



n 



> ^(x, \ logq). 



Consequently for a fixed real number B there are fundamental discriminants D in the range 
Q < \D\ < 2q with 



( — J > (p(B) + o(l))x >s x, where x = (| log 5) 



Theorem 9 is the analogue of Theorems 3 and 4 above. From Theorem 9 we can deduce 
the analogues of Corollaries 1 and 2 for real characters. 

It seems to have been widely believed that X^iv<n<7V+x (fr) = °( x ) wnen xj log 2 D — > 00 
(see, for instance, page 379 of [11]), perhaps in analogy with the known result ^2 p<x (^) = 
o(ir(x)) in this range, assuming GRH. However Theorem 9 shows that this widely held 
view is false. It seems safe to hazard the guess that, for all non-principal characters x 
(mod q) we have, uniformly, 

N+x 
n=N 



Set 



a(B) = limsup — ^-77-5 ( — | 



<(log|D|) 

Clearly a(-B) = 1 for < B < 1, and from Theorem 9, we know that ol(B) > p(B). If the 
GRH is true then a(B) < p(-f ), by Theorem 2. Conjecture 1 predicts that a(B) = p(B) 
but this is not known for any B > 1. In Theorem 3 we obtained large character sums 
pointing in any given direction. Mark Watkins asked us if the analogue for real character 
sums holds: that is, can one get real character sums to be large and negative? Precisely, 
what can one say about 



/3(B) := lim inf - V ( — ] . 

|-D|— »oo (log ID ) ^ \nj 



n<(log|£>|) 

Interestingly /3(B) can never be as small as —1. Indeed in [6] we have shown that /3(B) > 
5i = —0.656999... (see Theorem 1 of [6] for a definition of 5i) for all B, and in fact 
/3(B) = Si for < B < 1. Answering Watkins' question we also show there that (3(B) < 
for all B, but it is an open problem to determine (3(B) and ol(B) for B > 1. 

We obtain the following analogue of Theorems 5, 6 and 7, but in a much wider range. 
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Theorem 10. Suppose that q is large, and exp((logg)2) < x < q/ exp((logoJ 2 ). 
there exist fundamental discriminants D in the range q < \D\ <2q with 



Then 



^Eg)»-p((i + o(D) 

n<x x 



log log q 



Notice that Theorem 10 is much stronger than the bounds of Theorems 6 and 7, as soon 
as \ogx > \/logg(log logg) 2 . This difference is especially noticeable when x is like a small 
power of q, and suggests that Theorems 6 and 7 are unlikely to be "best possible." 

In the next result we use Poisson summation (as discussed after (3)) to get lower bounds 
for character sums when x is very large, in terms of smooth numbers. This suggests that 
we should be able to make another conjecture like Conjecture 1 for large x, which takes this 
natural symmetry into account. We have not yet felt able to formulate this appropriately. 



Theorem 11. Let q be large. For any ex.p(^ l /Togq) > N > 2 there exists a fundamental 
discriminant D with q < \D\ <2q such that 



E 

n<\D\/N 



r- 1 T /, r 1, \ L log logO 



where N = (|logq f ) A . In particular if exp((loglog(/) 2 ) > iV > 2 then there exists a 
fundamental discriminant D with q < \D\ < 2q such that 



^ ( n 

n<\D\/N v 



log(A + 2) 



\D\ log log \D\. 



2. The plan of attack 

We define complex, multiplicative random variables X n as follows: X n is multiplicative: 
that is, if n = YliPT then X n = Yli-^pl- For primes p, X p is equidistributed on the unit 
circle, and for different primes p and q, X p and X q are independent. Thus K(X m X n ) = 1 
if m = n, and E,(X m X n ) = otherwise. Here, and below, E(-) denotes the expectation. 
Let / be any arithmetical function, and k and n be integers. Below we shall put 

d k j(n,x)= f( m i) ■■■f( m k), 

mi ...m^=n 

m,i<x 

so that 

W2x(n)f(n)j = Y d k ,f(n,x)x(n), and ( ^ X n f(n) J = ^ d k j(n,x)X n . 



We shall abbreviate dkj(n,x) to dk(n,x) when / is the function f(n) = 1. 
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Lemma 2.1. Let x, q, and k be integers with x k < q; and let f be any arithmetic function. 
Then 

1 2k , 2k\ 

E £x(n)/(n) = E \dkj(n,x)\ 2 = E( J2 X "f^ )■ 



X (mod q) n<x 



n<x 
{n,q)=l 



n<x 
(n,q) = l 



Proof. This is immediate from the definition of X n , and the orthogonality of the characters 
(mod q): 

1 v-^ /w.n f 1 ifa = 6(modg), (ab,q) = l 
XWXW = 



<p(q) 



X (mod q) 



otherwise. 



Our plan (see §4, and §6) is to obtain large lower bounds for the quantity in Lemma 2.1 
(in the case f(n) = 1) so as to obtain large non-trivial character sums. In order to do this, 
we need to eliminate the principal character term (which is often large for trivial reasons) 
which is included in the sum in Lemma 2.1. 

For any arithmetic function / we define 



Af(x, q) := max 

XT^Xo (mod q) 



J2x(n)f(n) 



n<x 



Proposition 2.2. Let q be large, x > logq, and suppose k is an integer with x k < q. For 
any arithmetic function f we have 



A/(^) 2fc »-^-y E £*(»)/(*) 

X (mod q) n<x 



2k 



Proof. Write A = A/ (x, q), and define 

A :=J2xo(n), A 1 := £ X o(n)/(n) and A 2 := £ Xo (n) \f(n) | 2 . 

n<x n<x n<x 

Note that the Cauchy-Schwarz inequality gives A\ < A A 2 . A straightforward computa- 
tion, using the orthogonality relations for characters, gives that 

2 



A 2 = — Y 

x(mod q) 



^2x(n)f(n) 



n<x 



and thus 



sf^ E E *(»)/(»> E i) t_ '<A- 



X (mod q) n<x 
Xt^XO 



<p(q) 



X (mod q) 

x¥=X0 
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by Holder's inequality. This then implies 
A? (l 



<p(q) 



< A A 



A^ 



< A A 2 . 



If k > 2 then x < yjq and so (1 — A /i^(q)) k = 1 + o(l), which, combined with the line 
above, implies that A\ k < AoA 2fc . Therefore 



(2.1) 



1 



<p(q) 



n<x 



2 k 



< 



Af , &(q) - l)A 2fc _ < A2k f A k 



<p(q) 



+ 



x(mod q) 

By the small sieve we know that for x > log q 



U(?) 



+ 1 



A = ^ l<c 



n<x 
(n,g)=l 



for some absolute constant c > 0. Hence 



A£ < x fc - 1 A < c^-x k < ap(q) 



and the Proposition follows upon inserting this estimate in (2.1). 

We cannot expect to get good lower bounds for Af(x,q) for all arithmetic functions /, 
since there may be a good deal of cancellation in determining the sum dkj(n, x), making 
Mfe,/( n 5 x )\ 2 small. We shall focus on a large class JF of arithmetic functions defined as 
follows: / e J- if f(n) = g(n)h(n) where g is a multiplicative function with \g(n)\ = 1 for 
all n, and h(n) > for all n. Note that T includes /j,(n) (the Mobius function), u{n) (the 
number of distinct prime divisors of n), d(n) (the divisor function), n %t (for a real number 
t) among others. 

Lemma 2.3. Suppose f and g are arithmetic functions with f(n) > g(n) > for all n. 
Then for all integers k > 1 



E 



2k 



> E 



E X n g(n) 



n<x 



2 k 



If f G T with |/(n)| > 9 for all square-free n then 



E 



n<rr 



2 A: 



>9 2h £ KN) 2 d k (N,x) 2 . 

7V<x fe 
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Proof. If f(n) > g(n) > then df-j(n,x) > dk } g(n,x) and so the first assertion follows 
from Lemma 2.1. If / G T and \f(n)\ > 9 for all n, then for squarefree iV we have 
|dfcj(iV, x)| > 6 h dk(N,x) and so the second statement follows from the first part of the 
lemma. 

In §3 we collect together several results from multiplicative number theory; chiefly on 
smooth numbers (integers not having large prime factors), and round numbers (integers 
having many prime factors). We shall use these in §4 to estimate the 2/c-th moments of 
J2 n <x Xn where the flat "b" indicates that the sum is over squarefree n coprime to q; and in 
§6 to get good estimates for large moments of J2 n<x X n . We show in §5 how the estimates 
of §4 lead to the large character sums given in Theorems 4 through 7, and Corollaries 1,2, 
and 3. We note that these results depend only on the lower bounds for Y^N<x k dk(N,x) 2 
given in Theorems 4.1, and 4.2. In view of Lemma 2.3 we may thus generalize these results 
for A/ when / G T with \f(n) \ > 1. 

Theorems 4-7, Corollaries 1-3 Revisited. Let f G T be any arithmetic function with 
|/(n)| > 1 for all n. Then Theorem 4-7 and Corollaries 1-3 all hold for Af(x,q) in place 
of A(x,q). 

In §7 we derive Theorems 1 and 3 as consequences of the analysis of §6. In §8 we obtain 
the condtional result Theorem 2. The case of real characters (Theorems 9-11) are dealt 
with in §9. Lastly, Theorem 8, which is a consquence of the "Fourier flip" x — > ^, is proved 
in §10. 



3. Smooth and round numbers 
3a. Integers with a specified number of prime factors. 

Estimating tt(x, y), the number of integers up to x with exactly y distinct prime factors, has 
long been a central topic of additive number theory. Hardy and Ramanujan [8] established 
the famous upper bound 



\ogx (y-i)! 

uniformly for all y. However good lower bounds, even on the order of magnitude for 
7r(x,y), when y ^> log log a; were not known until recently. In 1984, Pomerance [15] made 
an important breakthrough in showing that 

, . . x L^+°(i:) / log a; 

(3.1) n(x,y) = j , where L = lo~' 



logx y\ ' \y\ogyj' 

in the range 

log a; 



(3.2) loglogx<y< 



3 log log x 
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Pomerance only claimed to have proved this result in the narrower range with y > 
(log logo;) 2 . However he gives a slightly worse error term in one place in his proof than is 
necessary, with the resulting loss in the range of applicability. This mistake is corrected in 
the proof of Theorem 3.1 below; taking m = 1 there implies the lower bound in (3.1). The 
upper bound in the missing range follows from Hardy and Ramanujan's result. 

Although it appears that we have imposed some rather severe extra restrictions, it turns 
out that we can obtain the following result with minor modifications to Pomerance's proof. 
Here indicates that the sum is over squarefree arguments. 

Theorem 3.1. Given integers x,y and m, let z = max(y 2 , ui{m)). If (3.2) holds and, in 
addition, 



(3.3) y 2 < z < x 



then 



2 

3y 



3.4 i ' where L = L{x,y,z := log * r ) 

^ logx y\ \y\og^zJ 

n<x, u>{n)=y 
(n,m)=l 

To prove this Theorem we require the following lemma. 
Lemma 3.2. Let I be any interval, and let s > 2 be an integer. Then 



Pi distinct 

Proof. The upper bound is immediate, and the lower bound follows by induction on s, 
after noting that 



E E jr-WE^--^ 



Pl,---,PsEl Pl---Ps-1 N p6i 

Pi distinct Pi distinct 



E -c-DEi E 



Pi distinct pi distinct 



Proof of Theorem 3.1. If m is an integer with exactly k distinct prime factors, and pk is 
the kth smallest prime, then 

^ E L 

n<K, u)(n)=y n<x, ui(n)=y 

(n,m)=l p|n =4> p>Pfc 
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This is evident from noting that if qi , ■ ■ ■ , qi are the distinct prime factors of m that are 
> pk, and ri, • • -ri are the primes < pk that do not divide m, then each integer qiq2 ■ ■ • qit 
counted in the sum on the right side of (3.5), corresponds to a distinct integer r\T2 • • - Tit 
counted in the sum on the left side. 

Note that L > log 3, and put s = [j^q] and J = [log(L + 20)] - 2. We define the 

intervals 7_i = (z, x^y], and (for < j < J — 1) Ij = (x y , x~\. We get a lower bound 
on the right side of (3.5) by counting only those integers n of the form n = ri-ino . . . nj-ip 
where n_i consists of exactly y — 1 — s J distinct primes from and (for < j < J — 1) 

rij consists of exactly s distinct primes from Ij, and x v < p < - ^ n( x - — - is prime. 
Hence using the prime number theorem 

n_i,n 0) ... ,nj_i 2 e J-' J = -l J 

x a <»< - 

— f— n_ 1 n ...n J _ 1 



Appealing to Lemma 3.2 we determine that 



n_i 

and that for < j < J — 1 



y ^ = ( L + 0(1))^-* ^ / 

fr»-i (y-i-sJ)i V V 



2/ 2 



2 log z 



n el \ 



n i s! V \ x 2£l y log 2 

It follows that 

x LV-tsJ n /» , i n 

{ ' ~ 2\ogx{y-l-sJ)\s\ J 

and Theorem 3.1 follows upon using Stirling's formula, keeping in mind that y > L in our 
range. 

Lemma 3.3. Let £ be a positive integer, and suppose y > 2£ 2 . For all x > y i , 

x (loglogx + 0(1))^ 1 



logy (^-1)! 

p\n =>• p>y 

Proof. Given a squarefree integer m with exactly j(< I) distinct prime factors all larger 
than y, there are < integers n with f2(n) = i and having exactly the same prime 
factors as m. Moreover if n < x then m < njy l ~i < xjy l ~K Thus the sum we seek is 



j — 1 m<x/y l ~ j 
w(m)=j 
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By the Hardy-Ramanujan upper bound this is 

x j e ~ j (log log x + Q(1)) J - 1 x (log log x + 0(1)) £ ~ 1 (j£) e - j 
«lo^Z.^=7 (j - 1)! " loi^ (*-l)! ^ 2/^' ' 

and the result follows as y > 2l 2 . 
3b. Smooth numbers. 

Given real numbers x > y > 1, and an integer £ we define Sg(x, y) to be the set of integers 
below x having exactly £ prime factors (counted with multiplicity) larger than y. We denote 
the cardinality of Sg(x, y) by ^e(x, y). The case £ = gives rise to smooth numbers: that 
is, integers free of large prime factors, and we write S(x,y), ^(x,y) in place of So(x,y), 
^o(x,y). Estimating ~^>{x,y) has been the focus of much attention, and we quote below 
the best results known. 

Theorem 3.4. Let x > y > 2 be real numbers and put u = For any fixed e > the 

asymptotic formula 

'log(-u + 1) 



(3.6) y(x,y) = xp(u)[l + 

\ \ Logy 

3 

holds uniformly in the range 1 < u < exp((logy) s _e ). The weaker relation 

V(x,y) 

x 

holds uniformly in the range 1 < u < y x ~ e . Lastly, as u — > oo 

log log(ti + 2 



(3.7) log ^^ = (l + o(exp(-(log W )«- £ )))logp( W ) 



(3.8) log p(u) = -u logtt + log log(w + 2) -1 + 



\og(u + 2) 



Proof. See Theorems 1.1, 1.2, and Corollary 2.3 of [10]. 

We next give a bound for ^(x/z,y) in terms of ^(x,y). 
Proposition 3.5. There is an absolute constant c such that for all 1 < z < x and y > 2, 

*(f,y)<( C logx)^^^. 

Proof. We prove this when 1 < z < y; the general case follows by repeated application 
of this result. From Corollary 1.7 of [10] we obtain ty(^,y) < ci^(x 1 y)z~ a ^ x / z,y ^ where 
c\ > is some absolute constant, and a = a(x/z,y) is the unique positive solution to 
\og{x/z) = J2 P <y l °SP/(p a ~ !)• Notice that 

log* > io g (x/z) >£^#>^E A w ^ -L- 

log z 

This shows that y~ a < A(\ogx)/y so that z~ a < (4 log*) l °sv j z. The result ^(x/z,y) < 
ci(4 logx) log2 / logy \l/(a:, y)/z follows for 1 < z < y, and repeated applications of this result 
give ty(x/z,y) < c\{Ac\ logx) log2 / logy \l/(x, y)/z in general. 

We note here a useful corollary of this result: 
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Corollary 3.6. Let < k < 1, and let c be as in Proposition 3.5. Suppose y > 
e(cloga;) irr « . Then 

El logy ^(x,y) , 1 n x logy ty(x,y) 

— « -, L > and E — iog-« n \ 2 K K - • 

n K 1 — k x K z — ' n K n (1 — x k 

n6S(i,y) neS(x,y) 



Ify> (clogs) 2 i/ien 

V log- < 
z — ' n 

n65(x,y) 



Proof. By partial summation 



V — / — d# ft - « f 



neS(x,y) 

Using Proposition 3.5 the second term above is 



log(c log x) 



««— — - / -(clogx) >o SH dt = K _^ l0Bicl0BX) dt, 
and using our hypothesis on y this is 

^logy gtayy) 

1 — k; x k 

The first part of the corollary follows. The other two assertions are proved similarly. 
Lemma 3.7. Let x > y > (logx) 1+e , and put u = ]^||. Th 



en 



$>(x,y\ogy) ( log logy 

— — r — = exp hi: — — r logw + O log log [u + 2))) 

V{x t y) V. log(ylogy) 

Proof. By Lemma 2.2 and Corollary 2.4 of [10] we get 

P(io g (5)1ogt/)) / loglogy 

/ o K x = ex P w i — Tl V log -u + O log log (u + 2))) 

P(Sf) V log(ylogy) 

The lemma follows upon combining this with (3.6) when u < exp((logj/)f ~ £ ), and (3.7) 
for larger it. 

3 1 

Lemma 3.8. Suppose y > (log a;) 2 and that x > z > xy~s . Then 

*(x + -2, y) - y) > z 

X 

This follows from Theorems 5.1 and 5.2 of [10]. The next result is an immediate conse- 
quence of Corollary 2.4 of [10]. 

Lemma 3.9. p(u — v) x p(u) if \v\ <C l/log2tt, for u,u — v > 1. 
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4. The 2/c-th moment of ^ n<x X n 

In this section we prove upper and lower bounds on the 2/c-th moment of Y^ n <x ^n, where 
(throughout this section) the b indicates that the sum is over squarefree n coprime to q. 
These bounds will be useful in deducing many of our large character sums results. 

Theorem 4.1. Let k > 1 be an integer, and put K = max(fc,w(g)). Uniformly for all 
x > K ek we have 



(4.1) 

and 



(4.2) 



E 



n<x 



2fc\ 4u 



< E 



E^ 

n<x 



2fc \ A 



, i /logs 



(fc-i)' 



,0(fc) 



E 



E*« 



n<ai 



2fc \ 2T 



N<x h 



> ( ^ d fc (JV,x) 

logo; 



i 

2fc 



> 



X2 



(logx) 1_ 5fc \fclogiif 



log 



logo; 
/clog if 



O(fc) 



Proof of the upper bound (4-1)- Observe that 



E 



5> 

n<x 



2 A- 



X] c/ fc (iV,x) 2 

JV<x fe 

#{6i, b 2 ,. . . ,b k ,B 1 ,B 2 , . . . ,B k < x : bx . . .b k = B 1 . . .B k }. 



To each solution above we associate a, k x k "g.c.d. -matrix" of integers A = (a^j) defined 
as follows: Put a^i = (6i, Si), and then define (using induction on % + j) 



"ho 



Ue<j a i,e ' Ue<i a e,j J ' 



so that, for 1 < % < k, 



6, = n 



and 



We will bound the number of k x k integer matrices A = (a^j) with all row and column 

products Yie=i a i,£i n!>=i a i,i ^ ess than x, which thus implies an upper bound in our original 
problem. The number of choices for a kjk is 



< min 



(— 



X 



nit— l ' T-rk-1 

i=l a i,k ll i= l Ofc 



< 



X 



i= i (aa a M) 2 
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Next we sum over the possibilities for a^, cik,i (1 < i < k — 1). Notice that a^^ < 



x i n,-=i a i,j and a M ^ ^7 nLi a i,^ and s ° 



fc-i 



E4= 



< 



2v/i 



°i,fe v 1 lj = l U i,j a k,i V ' 11.7 = 1 U j,i 



E^= 

Ofc.i V ' 



< 



2v^ 



rfc-l 



Thus given a^j (1 < z, j ; < — 1), the number of possibilities for the last row and column 
of A is 



< 



2 2k-2 x k 



rii<i,j<fc-i a i,j 

We now sum this over all the possibilities for a^j (1 < i, j < k — 1). Keeping in mind 
that n 7 =i a i,j < a; for all 1 < i < — 1, we see that this is 



fc-i 



< 2 2fc - v rr y — - — 

Now for any a > 

dfc_i(n) Q v-^ dfc_i(n) 



22k-2 x k 



E 

n<cc 



dfc_i(n) 



n 



fc-i 



E *_^> < x « E ^ < ,- c(1 + o) *-. = X «(I + 0(1) ) 

Choosing (optimally) a = k/\ogx we obtain (since k < Xogx) 

k-i 



k-i 



E 

n<rr 



d k -i(n) < / logs 
n ~ \ k 



,o{k) 



To sum up, we have shown that 



E 



E*. 

n<x 



2k 



E 

n<x 



n 



k-i 



< x h 



log a; 



(fc-i) 5 



,0(fc 2 ) 



and (4.1) follows. 

Proof of the lower bound (4-2). We bound 

2k 



E 



(b \ - b 

n<x ' N<x k 



by focussing only on special values of N for which we expect dk(N, x) to be large. Specif- 
ically, we let y denote an integer parameter to be chosen later, and consider only those 
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N < x k which are square-free, coprime to g, and have ky distinct prime factors. Using 
Cauchy's inequality, we find that 



(4.3) Yl b dk(N,x) 2 > ( Y^ d k( N ^)) 1 



N<x k x N<x k 

uj{N)=ky 



n(x k , ky) 



We shall choose y = [kL ] where L = log( fc 1 1 °^^ r ). Using (3.1) (after checking that the 
constraint (3.2) is met) we find that 

x k j^ky+0(^-) / \ogx 

tt(x , ky) = — — — -j — where L = log 



klogx (ky)l \y\og(ky) 
Since L — L = log | + log l °^ k ^ <^ l°g Lq we conclude that 



Next observe that 

^ d k (N,x)> Y,* 1 

N<x k m 1 ,...,m k <x 
uj(N)=ky aj(mi)=y 

where the * indicates that the sum is over squarefree mi coprime to q, and pairwise 
coprime. We deduce from (3.5) that this is 

> ( Y M n ) 2 ) where £= (k - l)y + u(q). 

n<x, ui(n)=y 
p\n =4> p>pe 

Now we use Theorem 3.1 to bound this quantity. Our assumption that k logK < e _1 logx 
ensures that the criteria (3.2) and (3.3) are met. Hence, with z = max(£, y 2 ), 

E M-) 2 >r^^^ where L 1= log(-^U. 
^ logs y\ \ylogy/zJ 

n<x, uj(n)=y 
p\n =4» p>P£ 

Since L — L\ <C logL we obtain 

7V<x fc 

Lj(iV) = fcy 
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Using (4.4) and (4.5) in (4.3) we deduce 

b d ^ N 



X) 



N<x k 



i 



X2 Lg(ky)\™ 

> — j j exp 

(logx) 1 "^ y\ \ 



and the lower bound (4.2) follows upon using Stirling's formula, and recalling the definitions 
of y and L . 

Next we give lower bounds on the 2/c-th moment of ^2 n<x -^n when x is small (roughly, 
x = K A for some integer A). 

Theorem 4.2. Let k, A be positive integers, and put K = max(/c, u(q)) . For all x > 
(4(Ak + K) \og(Ak + K)) A we have, uniformly, 



(4.6) 



E 



n<x 



N<x k 



A 

k N 2 



logx 



Proof. Plainly 



Xn )=Y1 d k(N,x) 2 > ^ d k (N,x) 

™<x N<x k N<x k 



N<x K 
(N,q) = l 

where the * indicates that we sum over only those iV that are square-free and composed 
of exactly Ak prime factors, all less than x x l A . Note that for such AT, dk(N 7 x) is at least 
the number of fc-tuples mi, . . . , mu whose product is N, where each mi is the product of 
exactly A primes. Thus dk(N 7 x) > (Ak)\/A\ k , and so 

Pi^Pj,Pi\l 



N<x" 
(N,q)=l 

Ak 



(4.7) 



> 



V J = l V P\q 7 



p<x~& 



By the prime number theorem, and our lower bound for x, we get 



TV 



(a;*)- 2^ 1 - Ak > tt(xa) - Ak-K > Ak-K> 



p\q 

i 

p<x~% 



log X 



2 logx 



Using this, and Stirling's formula, in (4.7) we get Theorem 4.2. 
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5. Applications to large character sums 

In this section, we use Theorems 4.1 and 4.2 to deduce many of our results on large 
character sums. We split these results in two parts: when log log a; < (| + o(l)) log log q 
where we use Theorem 4.2, and when log log x > (| + o(l)) log log q where Theorem 4.1 is 
most useful. 

5a. Large character sums when log logo: < + o(l)) log log q. 

Proof of Theorem 4. Recall that x = (101ogg) B for some B > 1. We take k = [gf] and 

A = [B]. Notice that K = max(*, W ( 9 )) < (1 + o(l))^- q , and so kA + K < |^^. 
We check now that the condition of Theorem 4.2 is met, and so 

1/ K \ 2 X2 T 2B 

A > x2 > 



log a; / (41ogx)[ B ] ' 

This gives the portion of Theorem 4 not having any restriction on q. 

For our next application we suppose that u(q) < (logg) B + x ~ e . Here, we take A = [B]+l, 
and k = [x~% /(10 logo;)]. Our bound on to(q) ensures that the condition of Theorem 4.2 is 
met, and so 

A .., M.' ) " > 



\ogx J (41oga;)[ B ]+ 1 ' 

This gives the second part of Theorem 4. Corollaries 1 and 2 are immediate consequences. 
5b. Large character sums when log log x > + o(l)) log log q. 

Proof of Theorem 5. We take k = [fj\J ^^^ ] for a fixed, but sufficiently small positive 

constant c. Since K < logg, one can verify that the condition x > K ek of Theorem 4.1 is 
met. Hence by (4.2) we get 



1. 

x 2 



k /~\ ( 1, \ 1 k 



A> (logx) 1 -^ (y/clogloggj [}° g /clog log q ) (loga:) 1 -^ \ c) \ g c 

The result follows if c is sufficiently small. 

Proofs of Theorems 6 and 7. Both these results follow upon using (4.2) with k = ]: 
the hypotheses in the Theorems ensure that x > (logq) eh > K ek . 

6. The 2/c-th moment of J2 n <xX n 
Here we explore more finely the 2/c-th moment of J2 n<x X n . Put 

■$ e (x,y;X n )= X n- 

neSe(x,y) 

Our aim in this section is to show that J2 n<x X n behaves like *&o(x, y; X n ) most of the 
time, for an appropriately chosen y. 
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Theorem 6.1. Suppose k > 2 is an integer, and that y > Clog x for a large absolute 
constant C . Then 



E 



n<x 



2 k 



«tt(*, y )[ fclo ^ log2 * )%* P (o( 



k log x log log x 

y 



Proof. Put u = • By Minkowski's inequality 



E 



n<x 



2k ^ ~ik 



E 



2k 



(6.1) 

Observe that 



^2*t(x t y;X n ) 
l=i 

<J2^(\^d^y;X n )\ 2k )^ . 



e=i 



E(\9 e (x,y;X n )\ 2k ) 



E 



E 



mi ...mfc =771^ ...m J. n\ ...n^=n' 1 ...n' k 

m i ,m' i eS{x/y l ,y) rii<x /■m i ,n' i <x / 
Q(n;)=f2(n^)=^ 



Now, given N = ni...rik, the number of factorizations N = n[...n' k with each f2(nj) = £ is 
< (H)!/£! fc , and so the inner sum over 



rii, n i is 



< 



E 



(H)! k M 



n e 1 



^ £(k-l)/2 
n i,---, n k i=l ni<x/rrii 

^(n-i)-i p \ n . =^ p>y 

p\m =>■ p>y 

Using Lemma 3.3 (note that y > Clog 2 x > 2£ 2 ) this is 



< 



x k k ki (iogio ga ; + o(i))fc(<-i) 
mi . . . rrik (£ — l)! fc 

x k (2/clogloga;) A:£ 
mi . . . mjt (£! log y log log x) fc 



logyy £( fc -!)/ 2 



Now 



E 

^ mi . . .to*. 

mi . . .mfe =m x . . .m fc 



= E 



i€5(x/y',y) 



2 A- 



< 



y — 



nES(x/y e ,y) 



2k 
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and, by Corollary 3.6 and Proposition 3.5 



E 

neS(x/y e ,y) 



« logy 1 y r « logy clogx 



Therefore, combining the bounds above, we get 



logy 



l\ log log X 



1/2/112,, 

' ck log x log log x 



y 



for some constant c > 0. Therefore, substituting this into (6.1), we get 



E 



J2 x n-^o(x,y;X r 



n<x 



2k 



< *(z,y) 



< *(z,y) 



1/2 



logy 
log log x, i _ ] 

k log 2 x log y x 2 



y 



Yl £|l/2 

(o 



1 / c/c log a; log log x 



y 



e/2 



exp 



k log 2 a; log log x 

y 



since 

E^loCVi^ < ^ f ° r a11 £ > 0. This proves the theorem. 

We now derive a good lower bound for the 2/c-th moment of ^2 n<x X n . This is a 
considerable refinement of Theorem 4.2, in the case that q= 1. 

Theorem 6.2. Let k > 2 be an integer. Then for all y > 2 we have 

2ks 



E 



n<x 



> ^(x, y) exp 



2y log log x _ / 1 

+ o 



Hogy 



logx 



Proof. Using Lemma 2.3 with f(n) = 1, and g(n) = the characteristic function of S(x,y) 
we have 



E 



5>, 

n<x 



2 k 



> E 



E 

n£5(i,y) 



2fc 



We bound the right side above by picking only those X n for which | &rg(X p )\ < 7r(logx) -2 
for all p < y (where arg is defined to lie between — n and tt). The probability of this 
happening is clearly (\ogx)~ 2ir ( y K For such a choice of X p 's note that 



X n -*(x,y) < l^n-l|« E 



neS(x,y) 



Hence 



E 



E *« 



2// 



neS(x,y) 



> *(x,y) 2fc exp( -2n(y) log log x + O 



neS(x,y) 



logx 



log 2 X 



logx 



nES(x,y) 

and the result follows. 

Combining Theorems 6.1 and 6.2 we get good upper and lower estimates for large 
moments of J2 n <x -^-n] an d in fact, we get an asymptotic formula for very large k. 
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Corollary 6.3. If k > Clog a; is an integer then 
(6.3) 

#(x, /clog 5 fclogx)(l + o( ^— 1 \ > E 



log X 



£*n >*(*,*$f) 1 + 



log X 



If log k I Vlogx log log x — > oo i/ien 



(6.4) 



E 



5> 



2k 



(l + o(l))*(x,/c). 



Proof. From Theorem 6.2 we get 

2/CN 



E 



n<a; 



>*(s,*£ff)exp(0 



1 logx 

+ 



log a; log /c 



The lower bound of (6.3) now follows upon appealing to Lemma 3.7. Using Minkowski's 
inequality and Theorem 6.1 (with y = /clog A; logx) we get, since l^o^j V, X n )\ < ^(x, y), 



E 



E/.r)"^(i*o(»,^.)r)* +0 (»(»,v)(^)'«p(o(^))) 



< log 4 fe log x) exp ^ 



logx 
log 3 k 



The upper bound of (6.3) follows from this and Lemma 3.7. By Lemma 3.7 we deduce 
that if k > exp( v / logx) then 

V(x,k(logk) ^) = $ (x , fc) exp f O flog x (1 ° g ^ X ^ - 

log /c 



Therefore (6.4) follows from (6.3). 



7. Implications for character sums: Proofs of Theorems 1 and 3 

log q 



Observe that for any integer k < and any y, we have 



v (mod a) n<x ^ n<x ' 



X (mod q) n<x 

Using Theorem 6.1 we deduce that if y > Clog x then 

X (mod q) n<x 

(7.1) <c fc vl/(x,y) 



2fc^ lo g2/ lo g 2a;X " 



) exp(o( 



k 2 log log x log x 
2/ 
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for some constant c > 0. 

Proof of Theorem 1. We choose k = [j^j;]- It follows from (7.1) that for any A > 1 there 
are fewer than qA~ 2h characters x (mod q) not satisfying 



E*( n ) - ®(x,y;x) 



log q log x log log x 

y 



Taking y > log q log x (log log q) 5 , and A = 10 above, we obtain the first assertion of 
Theorem 1. 

Next, take y = (log q + log 2 x) (log log g) 4 , and A = exp( ( log °og g )2 )■ We deduce that with 
i i 

at most q a°gi°g<j) 2 exceptions 

£ X (n) <<^(x,y)exp^O^ (iQ ^^ )2 ^ <*(x,ylogy), 



using Lemma 3.7. This gives the second part of Theorem 1. 

We now move towards the proof of Theorem 3. We begin with a lemma which may be 
of independent interest. 

Lemma 7.1. Let f(n) be any completely multiplicative function with \f(n)\ = 1 for all 
n. Let 2 < x < exp((log(/) a ) } and let y = log(//(log:r(loglog(/) 8 ). There are at least 



q 1 (log log q ) 2 characters x (mod q) with 



n65(x,y) 



neS(z,y) 
(n,g) = l 



(log iogg) 2 y ' 



Proof. Note that for any integer < 

i * — , * — , -v(i 

(7.2) 



E E 

X (mod <j) n65(i,y) 
(n,q)=l 



X (n)f(n) + 1 



2fc 



E 



E 



n€S(x,y) 
(n,q) = l 



2 k 



We give a lower bound for the right side of (7.2) by the argument of Theorem 6.2. We 
pick only those X n with |arg(X p )| < for all p < y. This happens with probability 

> (logq)~ 7T ^ > exp(— 3y), and for such a choice 



E 



X„ + l 



nES(x,y) 
(n,q) = l 



= »(».«*o +0 ( E ^) 



n6»S(a;,i/) 
(n,q) = l 
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It follows that 



E : E 



<p(q) 



X (n)f(n) + 1 



X (mod q) nES(x,y) 
(n,g) = l 



2k 



>^,,;xo) 2fc e-^(l + o(|^ 



2fc 



We deduce immediately that there are at least (p{q)e 4y (l + 0(]^ff )) 2fc characters x 
(mod q) with 



E 



X(n)f(n) + 1 



aeS(x,y) 
(n,q)=l 



>*(x,y; X0 )e-*(l + o(^ 



Choosing = [log (log a; (log log g) 4 )] we conclude that there are > q a°gi°g<2) 2 characters 
X (mod q) for which 



(7.3) 



E 



X(n)f(n) + 1 



ne<S(>,y) 
(n,q)=l 



logq) 1 



Let a = (J2 n &S(x,y), (n, q )=iX(n)f(n))/y(x,y;xo), so that \a\ < 1, and (7.3) states that 
| a + 1| = 2 + 0(1/L 4 ) where L = log log q. By the triangle inequality we have 2 > 
1 + \a\ > \a + 1| = 2 + 0(1/L 4 ), and so |1 - a| 2 = 2(1 + \a\ 2 ) - \a + 1| 2 = 0(1/L 4 ). Thus 
|1 — a\ = 0(1/L 2 ) and the Lemma follows. 

Proof of Theorem 3. We suppose that logx < (lo^^g^l^ ■ Let y be as in Lemma 7.1, 

and put y\ = log q (log logq 1 ) 7 . Using Theorem 1 and Lemma 3.7, we get that with at most 
i 

q io gI exceptions 



(7.4) 



V (log log g)- 
= y; x) + 0(\*(x, yi ) -y( x ,y)\) + 
= y(x,y;x)+0(y(x,logq) 



ty(x, logq) 
(log log<?) 2 
log a; (log log log q) 2 



(log log q)< 



Given any angle 9, we take f(n) = n l °% x in Lemma 7.1. We deduce that there are at 
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least c/ 1_I °s^ characters x (mod q) with 

n65(x,y) 
(n,g) = l 

V ^ x lo & x (log log 2 



K nES(x,y) 
(n,q) = l 

= e ^(x,y;xo) + C" 



logo; 

by Corollary 3.6, and Lemma 3.7. Theorem 3 follows by combining this with (7.4). 

8. Results conditional on GRH: Proof of Theorem 2 

We begin with two standard lemmas which we shall use to prove the conditional Theorem 
2. 

Lemma 8.1. Let s = a + it with a > -| and \t\ < 3q. Let \ < ctq < a , and suppose that 
there are no zeros of L(z,x) inside the rectangle {z : o~o < Re(z) < 1, \Im(z) — t\ < 3}. 
Then 

1 1 T( \ I l°g Q 
log L(s,x) < • 

cr - (T 

Proof. First note that if cr > 2 then |logL(s,x)| <C 1 and there is nothing to prove. 
We may hence assume that a < 2. Consider the circles with centre 2 + it and radii 
r:=2 — cr<_R:=2 — cr , so that the smaller circle passes through s. By our hypothesis 
log L(s, x) is analytic inside the larger circle. For a point z on the larger circle we use the 
estimate \L(z,x) \ < 2c/|^| < q 3 , so that 

Re log L(z,x) = log|L(z,x)| < 31ogg. 

The Borel-Caratheodory theorem precisely states that for any point on the smaller circle 
(and so for s in particular) we have 

2r R + r 

I log L(s,x) | < d , ma ^ Re lo & L ( z 'X) + s |logL(2 + z£,x)| 

H — r \z-2-it \=R K — r 



1 1 logg 
< log g H < 



cr — ctq cr — ctq cr — ctq 
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Lemma 8.2. Let s = a + it with a > \ and \t\ < 2q. Let y > 2 be a real number, let 
\ < o"o < o~. Suppose that there are no zeros of L(z,x) inside the rectangle {z : o~o < 
Re{z)<l, \Im{z) - t\ < y + 3}. Put a x = min(^,a + ^). Then 

log x) = ± + o ( r^VH ■ 

^ n s logn V (^i - ^o) 2 / 



Proof. Without loss of generality we may assume that y e Z + |. By Perron's formula 
(see [3]) we obtain, with c = 1 — a + 



— r v + „, x) ^ (to = v a ""»^""> + of i v '\ 

2mJ c _ iy w ^ 2 m s \ogm \y ^ n a+c | log(y/ra) | / 

^ m s log m 

m=2 to 

We move the line of integration from the line Re(w) = c to the line Re (to) = o\ — a < 0. 
Our hypothesis ensures that the integrand is regular over the region where the line is 
moved, except for a simple pole at w = with residue log L(s, %). Hence the left side of 
(8.1) equals log L(s,%) plus 



1 / pcr 1 -a-iy r-ox-o+iy rc+iy \ w ]np a 

-I + + )lo g L(s + W , X ) y -d W « 1 

jnL \J c—iy J o\ — a — iy Jo\—o-\-iy/ w 



y ai ~ a , 



271"^ \Jc-iy J ai - a -iy J ai - a+ iyj W ((Tl ~ (Jf) ) 2 

using Lemma 8.1 to estimate logL(s + w, x) in the above integrals. The result follows 

If we assume the GRH for L(s,x) then the hypotheses of Lemmas 8.1 and 8.2 are 
met with o"o = |, and so the conclusions drawn there are valid. The advantage of these 
formulations is that they can be used unconditionally for many characters x (mod q) by 
appealing to zero-density estimates; we exploit this to get large values of L(cr, x) m [?]• 

We now assume the Riemann hypothesis for L(s, x), and proceed to prove Theorem 2. 
Define 



L(s,x;y) = L(s,x)l[( 1 -^-) 



p<y 

so that L(s, x; y) is regular in the whole plane. Note that 



log L(s, x; y) = log L(s, x) + ^ log ( 1 



p<y 
y 



x(p) 

pS 



logL (s, X - V \ AK +0( V ^T^y . 

m=2 to V P<y 7 

m>2 
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and so if Re(s) > \ + j^j, and |Im(s)| < 2q we get by Lemma 8.2 

(8.2) |logL( S , X ;y)| <Clogqlog 2 y, 

where C > is some constant. 

Assume, without loss of generality, that the fractional part of x is i. Let u = g§§ and 

put c = 1 + i^l^- By Perron's formula 

E X („) - K x) = ^ £2 x) - n (i - *e» ) ^ 



n<:r " c-*oo v p < y 

1 

_ 2~7Ti 



P<2/ 

c+ioo 



£=1 nes(x/v*, y ) Jc 100 v 7 

Now note that (log L(s, x; y)Y/£\ = Y^m=i a ^ m -> V) m ~ s where \a(m,y)\ < 1 for all m. 
Hence, by the lemma of section 17 of [3], 

i r c+ioo n 1 f +iK/n n r , ^M'd* 



\ x I log (a;/ ran) 



2nW. Jc _ ix/ 

We move the line of integration to the line segment from k — ix/n to k + ix/n where 
k := \ + r^— • Using (8.2) we obtain 



2 log j/ ' 

Using this in (8.3) we obtain 



n<x £=1 nES(x/y e ,y) 1=1 



Using Proposition 3.5 and Corollary 3.6 we deduce that (keeping in mind y ^> log 2 x) 



neS{x/yt,y) 
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Hence 

A/ o (C log q log a; log 2 yY ( clogx\ e , 
n<x fcV (*-l)!y* V y / 

, Q/n „. Tf , Jog q log a; log 4 y / /logglogxlog 2 ?/\\ 
(8.4) 1 exp O j . 

y 2 \ \ V 2 J J 

It is of interest to compare (8.4) with the bound of Theorem 6.1. 

Deduction of Theorem 2. The first assertion follows by taking y = log 2 glog 2 x(loglogq 1 ) 12 
in (8.4). Next, taking y = log 2 (/(loglogg) 14 in (8.4) we get 



£rf n)< * ( *'» )a,p ( (dl^))' 



and using Lemma 3.7, this is <C *(x,log (/(log log g) ), as desired. 

9. Large character sums for real characters 
9a. Proofs of Theorem 9, and Theorem 10 for "small" x. 

Let y > 2 be a parameter to be chosen later and put b = b(y) = 4f| p< p. Choose a 
(mod b) such that a = 1 (mod 8), and (^) = 1 for every odd p < y. Note that a squarefree 
integer D = a (mod b) is a fundamental discriminant satisfying (^) = 1 for all p < y. We 
obtain the lower bounds of Theorems 9 and 10 by averaging over fundamental discriminants 
of this special type, and choosing y appropriately. 

Write n < x as n = rs where p\r =>- p < y, and p\s =>- p > y. Note that if D = a 
(mod b) then (f) = (f). Thus 



(9.1) 



E ^) a E(f)= E E E ^) 2 (f) 

q<D<2q n<x V 7 r65(x,y) s<:r/r q<D<2q V 7 

.D=a (mod 6) p| s — > . p>y D=a (mod b) 



If s is not a square then using /u(-D) 2 = J2a 2 \D ^i 01 ) 

E = E /*») E (?)+°( e + 

q<D<2q V 7 a<A q<D<2q V 7 \/2^>a>A V 77 

D=a (mod 6) (<*,&) = 1 a 2 |D 

D=a (mod b) 

and by (a modification to the proof of) the Polya- Vinogradov inequality this is 
(9.2a) < logs + + < logs ' 
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upon choosing A = ^fqj '(62 s*). If s is a square, say s = t , then we see similarly that 



(9.2b) 



q<D<2q x 7 q<D<2q p>y 

D=a (mod 6) D=a (mod b) p\t 

(d,t) = l 



Note that (9.2b) with s = £ = 1 counts the number of fundamental discriminants q < D < 
2q with D = a (mod b). 

Using (9.2a,b) in (9.1) we deduce that 

E *"> a EgH E E fn('->(^4 

q<D<2q n<x V 7 r65(x,y) t 2 <x/r P>^ V 7 V V 

D=a (mod 6) p | t p>y p\t 

It follows that there is at least one fundamental discriminant D = a (mod b) between q 
and 2q with 



(9.3) 



Ef?H E E n^rW^ 1+ ' + ^ ,+e 



n<x ^ 7 r£5(x,y) t 2 <x/r p|t * W ^ V ^ 

p|t =4> p>y 



We first use (9.3) to prove Theorem 9. Take y to be the smallest prime > 3 logg, so 
that b(y) = q^ +0 ^\ Since x < q°^ we see, by counting only the t = 1 terms on the right 
side of (9.3), that there is a fundamental discriminant q < D < 2q with 



£(^h £ 1 + *(!)>*(*,§ log*)- 



n<x v 7 r6<S(x,y) 

This proves Theorem 9. 

To prove Theorem 10 in the range exp( v / log q) < x < q 1 ^ 2 , we take y = (| — 2e) log | 
so that 6(|/) < (f ) 2 "~ e - By (9.3) there is a fundamental discriminant q < D < 2q such that 

(»■*> E(fH E E n^fr+oM)- 

n<x V 7 re5(x,y) i 2 <x/r p|t 

p|t =>• p>y 

We get a lower bound on the right side by counting only those r < R(< -^p) for some 
parameter R to be chosen soon. The prime number theorem and the small sieve show that 

for such r the sum over t is 3> ' . Hence the right side of (9.4) is 



Choose R = exp(2y / y) so that by Theorem 3.4 this is 3> v^exp((2 + o(l)) j^-), as needed. 
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9b. Proofs of Theorem 11, and Theorem 10 for "large" x. 

We shall consider negative fundamental discriminants D, so that (^-) = —1, and t(xd) 
is/\D\. Polya's Fourier expansion (see (3)) gives 



' m E (^lEfa-(-w +0 ( 

I I n<|D|/Af V 7 h=-H V 



+ 



|£>l 



H 



log pi 



(9.5) 



y- AiJ s in 2 (7r/i/AT) + O — == + 



\D\ 



H 



log ID 



Let y be a parameter to be chosen later, and let b = b(y), and a be as in §9a. We 
average (9.5) over fundamental discriminants q < —D < 2q with D = a (mod b). Arguing 
exactly as in the proof of (9.3), we deduce that there is a fundamental discriminant D with 
q < —D < 2q such that 



7T 



\D\ 



E 

n<\D\/N 



D 



n 



> 



reS(H,y) t 2 <H/r 

p\t =>■ p>j/ 



sin 2 (7rrt 2 /iV) 
*2 



n 

pi* 



p+ i 



+ 



Choosing iif = qs/bs we deduce that for some fundamental discriminant D with g < 

— D < 2q we have 

(9.6) 



n 



\D\ 



^2 ( n 



> 



^ 1 ^ sin 2 (7rrt 2 /iV) yj 

reS(H,y) t 2 <H/r 

p\t =4> p>y 



P 



p\t 



P+l 



+0[q 



VQ q 



n<\D\/N 

We now get a bound on the right side of (9.6) for various ranges of N. Throughout 
we shall take y = | logg so that b < qa +e . Then H > yfq, and the error term in (9.6) is 

We begin with the range ^log q > N > 2. (Note that by taking N = 2, the right side 
above is > J2 r <H V r 5 wnere the sum is over those odd r whose prime factors are all < y, 
which is > (e 7 /2) logy, and we thus recover Paley's bound (4).) 

We count only the terms for which t = 1, and r < y with | < {r/N} < | in (9.6). Thus 



(9-6) > ^ 

r<y 
y/N 

^E 

A;=0 



sin 2 (7rr/iV) 



y/N 



+ o iq -*)>Y, E 

fc=0 (fc+l/4)AT<r<(fc+3/4)Af 



sin 2 (7rr/iV) 



+ 0(1) 



1 



1 



JV(fc + 1) 2 



y 



+ 0(1) > ^log(y/JV) + 0(l) > -^loglogg + 0(l). 
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Next we consider the range exp( v / logq i ) > N > y/log q. Here we bound (9.6) as follows: 
Let 9 = l/log(6 log N/ logy). 

sr^ sin (rcr/N) i. v-^ 1 1 ^, ^ 

<«)> e v +o fa" 7 »^s:^ T T) e 2+ob-')- 

r€S(Ny e ,y) fc=0 v 7 (fe+1/4) N<n< (fc+3/4)JV 

p|n =>• p<y 

First we focus on the range N < exp((loglog(/) 2 ). Appealing to the "smooth numbers in 
short intervals estimate" , Lemma 3.8, and Theorem 3.4 this is 



f^N(k + l) P V logy J y \logy J 



_1 ^ T f\og(N(k+\))\ _ n _flogN 
N(i 

k=0 

which gives the result since p(u + l/log(6tt)) x p(u) by Lemma 3.9. 

Next if exp( v /log q) > N > exp((loglog(/) 2 ) we use Lemma 3.8, and ignore all but the 
k = term. This gives 

( 9 .6)»ltf(£,y)»ltf(JV,y). 

The result follows from Lemma 3.9, completing the proof of Theorem 11. 

To prove Theorem 10 in the range q 1 ! 2 < x < qj exp(v / log q\ we consider the range 
^fq > N > exp( v / logq i ). Let R < N/ (Ay 2 ) be a parameter to be chosen shortly. We bound 
(9.6) by considering only r G S(R, y), and then summing over values where t = p is prime 



in the range VN / (2y / r) < p < V3iV / (2a/t). Thus, using the prime number theorem, 

, * 1 sm 2 (Trr/Np 2 ) v-^ 1 JrjN 1 ^(R,y) 

, r ^ p 2 ^ r logo ViVloeo aAR 

reS(R,y) VW <V< VM F reS(R,y) &H ViVlUgy 

Taking R = exp(2 v /y) and using Theorem 3.4, this is > (1/V^V) exp((2 + 0(1))^), as 
needed. 

10. Proof of Theorem 8 

We consider only primitive characters x with 1) = 1. Note that for a twice continuously 
differentiable function $ the Poisson summation formula gives 

E = ^ E«»)*(t)- 

n= — 00 ^ ' a= — 00 \ y / 

Define $1 to be the characteristic function of [—1, 1], and let $ r be the r-fold convolution 
of $1. Note that <& r (£) is supported in [— r, r], <& r (— £) = $r(^), and that $ r (t) increases 
for t G [-r,0), and decreases for t G (0,r]. Lastly, note that $ r (f) = $i(0 r = Pif^f 
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if £ 7^ 0, and = 2 r if £ = 0. We shall use the Poisson summation formula above with 
X = q/(rN), and $ = <E> r for an even value of r > 4, so that the Fourier transform <3> r is 
always non-negative. 

On the one hand, we have 



E X(n)^ 7 



(10.1) 



q/N 
n=l 

< 2$ r (0) max 

t<q/N 



E^ ? 



< 2 r max 

t<q/N 



n<t 



On the other hand, the right side of the Poisson sum formula has size (since |r(x)| = y/q, 
and x(-l) = 1) 



rN 



Ex( a )^ 



a=l 



a \ 



(10.2) 



riV 
rN 



/sin(27r^ 

E x(«)(— W 



a=l 



rN 



(rN) 



a=l \ rN 



Now observe that for integers k < ^ r \l^N) 2 ^ we nave 



VriV ^ 

a>(rN) ' 



IriV 



/riVV 
\na J 



<p(q) 



(rN) r-i 

E E * 



X (mod q) a=l 

x(-i)=i 



sin(27r 



a \\ r 
rN 



ira 
rN 



2k 



E 



(rN) r-i 

' E * 

/i=i 



/ sin(27r 



fa ■ 

rN- 



V 71~fa 

\ t-AT 



rN 



2 k 



Since r > 4 is even, note that sin r (2yr^)/(^) r > for all a, and > c2 r for all a < N, 
for some absolute constant c. Hence we get from Lemma 2.3 that 



E 



(rN)' 



E x h 



h=i 



sin(27r^ 

rN 



N • 



> (c2 r ) 2fc E 



TV 



E*° 



a=l 



2/,- 



Combining the above statements thus gives 



(10.3) 



max 

t<q/N 



> 



riV 



E 



N 



E*° 



a=l 



+ 0(1) 



We may obtain a lower bound from this by appealing to the results of §4 and §6, 
taking k = [(r — 1) log(g/2)/r log (riV)] in the first three parts, choosing r appropriately 
and replacing x in those arguments by N here. Thus the first part of the theorem is a 
consequence of Corollary 6.3 with r = 4. The remaining parts of the theorem follow by 
choosing r to be an even integer around log log q, and then applying Theorem 4.1 as in the 
proofs of Theorems 5, 6, and 7. 
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